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Abstract. This paper is concerned with emptyness of the essential spectrum, 
or equivalently compactness of the semigroup, for perturbations of selfadjoint 
operators that are bounded below (on an L'^-space). 

For perturbations by a (nonnegative) potential we obtain a simple crite- 
rion for compactness of the semigroup in terms of relative compactness of the 
operators of multiplication with characteristic functions of sublevel sets. In 
the context of Dirichlet forms, we can even characterize compactness of the 
semigroup for measure perturbations. Here, certain 'averages' of the measure 
outside of compact sets play a role. 

As an application we obtain compactness of semigroups for Schrodinger 
operators with potentials whose sublevel sets are thin at infinity. 
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Introduction 

It is a classical fact, going back at least to Friedrichs [3] that a Schrodinger 
operator — A+V with a potential V that goes to oo at c» has only discrete spectrum 
so that (Tess(— A + V) ^ 9- This fact has attracted some renewed interest in recent 
years PH, [251 [T7] where the issue is first to come up with simple proofs and second 
to explore more general situations. In this paper we add to this discussion with two 
main goals: first a rather easy method of proof and second a treatment of measure 
perturbations in the general Dirichlet form context. 

To underline the simplicity, we start with a discussion of equivalent reformula- 
tions of the condition aess{Ho -I- = in terms of compactness of semigroups or, 
equivalently, resolvents. Our main results are Theorem l2.1l and Theorem 13 . 1 1 below. 
In the first one, we present a useful notion of what it means that y — ^ oo at oo in 
operator theoretic terms (in the quantum setting if you wish): If we were to talk 
about a measurable function on a locally compact space, y oo at oo would mean 
that the sublevel sets {V < n} := {x G X\V{x) < n} are relatively compact for all 
n S ISf. The corresponding quantum condition is just that l{y<„} is relatively com- 
pact with respect to Hq for all n S M. This simple observation allows a particularly 
easy proof and gives a result that contains the above mentioned [171 ■ While 
in the latter works the authors concentrated on the associated semigroups, we will 
see below that spectral projections or the inclusion map of the form domain come 
in handy. E.g., it is almost evident that additional negative perturbations can be 
allowed as long as they are form small. Still, mapping properties of the semigroup 
or the resolvent can be used to verify the assumption of relative compactness of the 
sublevel sets of the potential. 

To give a satisfactory meaning to "/i — > oo at oo" is much harder for the case of 
a measure fi. This situation is studied in some detail in Section [3] with Theorem l3.1l 
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as the main result. An elegant criterion for the 1-d Laplacian, due to Molchanov, 
|12| . says that — A + /i is compact if and only if /i([/ + a;) ^ oo as a; — s> ±00 for some 
nonempty open interval (equivalently all nonempty open) [/ C JR. It is quite easy to 
see that an analogous statement is wrong in dimensions d > 2. In the recent paper 
Maz'ya and Shubin proved a compactness criterion in arbitrary dimension. 
Our result here goes back to the second named author's Habilitationsschrift [5T] 
that gives a criterion for regular Dirichlet forms with ultracontractive semigroups, 
a setup that is much more general than the Laplacian in euclidean space. 

Finally, we record the consequences of our main theorem for usual Schrodinger 
operators on Euclidean space in Section 4. Here the specific geometry gives a 
particularly nice sufficient condition for Schrodinger semigroups to be compact. 

Compactness is one of the great concepts of analysis and it is a most comforting 
fact to learn that some operator is compact. But that is quite often hard to estab- 
lish. In our investigation below we take advantage of a smaller class of operators 
that is easier to deal with - the Hilbert-Schmidt operators - one of the great gifts 
of Erhard Schmidt, |il6j . to mankind. 

1. Relative spectral compactness and all that 

In this section, 7^ is a Hilbert space and H some selfadjoint operator on H. 
The following notion is very useful in perturbation theory, see |14l 1241 I25| : we 
need a rather easy special case, where the "perturbation" B is bounded. We write 
C = C{T-L) for the bounded operators and K. = lC{Ti.) for the ideal of compact 
operators, which is, of course a norm-closed subspace of C. 

Definition 1.1. An operator B £ C{'H) is called H-relatively compact if Blj{H) G 
IC{H) for every compact segment (bounded Borel set) / C H. 

Here, we use 1m to denote the indicator function of a set M and, of course, 
the spectral theorem. As we will see below, instead of these indicator functions 
(or spectral projections) we could have used a variety of bounded functions of the 
operator. 

Proposition 1.2. Let H he selfadjoint and B E C. 

(1) The following assertions are equivalent: 

(i) B is H-relatively compact. 

(a) There is some (p £ C{a{H)) with \(p\ > s.t. Bip{H) G /C. 
(iii) For all ifi e Co{a{H)) : Bip{H) £ IC. 

(2) Let g € C(cr(-ff), R) with g{t) 00 as \t\ — > 00. Then B is g{H)- relatively 
compact whenever B is H-relatively compact. 

Proof. (1): The implication (iii) => (ii) is clear, as there obviously exist ip € 
Co{a{H)) with ip>0. 

(ii) (i): Just note that ^ G C{a{H)) by assumption on ip and, therefore, 
(l/i)(7J) is bounded. This gives 

Bti{H) = Bip{H){ti-){H) G JC. 

V 

(1) (iii): Note that by the functional calculus and since G Cq, 

^{H) = \\-\\ - hm v^(i/)l [_„.„] (i/) 

^ Bip{H) = II • II - lim Bl [_„,„] (i7)(^(if) G JC. 

(2) For / C R it is clear that lj{g{H)) — Ig-ij-/) (_ff) and by the assumption on 
g, the set g^^{L) is bounded. □ 
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This gives easily the foUowing result, where, of course, D{H) denotes the domain 
of H and is a Hilbert space endowed with the graph norm = + 

We also write Q{H) for the form domain of H in case i? > 7, i.e. H is semibounded 
below. Recall that in this case, h[u, v] — {Hu\v) is a closed form, when we take as 
a domain D{h) — Q{H) — D{{H + s)^/^) where s > —7 can be chosen arbitrarily. 
In analogy with the usual Sobolev spaces on R"^ and H ^ -A, it is suggestive to 
write 

nPiH) = D{{H + sf'^), 
so that Ti.'^{H) = D{H) and T-L^{H) — Q{H). Of course, these spaces are endowed 
with the respective graph norms and continuously embedded in %. 

Theorem 1.3. The following are equivalent: 
(i) B is H -relatively compact, 

(a) B{H - X)-'' e JC for some (all) A G piH), fc G IN, 
(Hi) B : D{H) % is compact. 

If H > "f these conditions are in turn equivalent to each of the following: 
(iv) _Be^*^ is compact for some (all) t > 0, 
(v) B : Q{H) % is compact, 

(vi) B : 'HP(H) H is compact for some (all) p > 0, 

(vii) for any C > and {t]->n) C Q{H) with h[^pn] £ C and — >■ weakly, it 
follows that Bipn in norm. 

Remark 1.4. The equivalence (i) <^ (ii) is essentially contained in f25l Theorem 
9.17. 

Proof. The proof is an easy consequence of Proposition 11.21 Here are the details. 

The equivalence between (i) and (ii) is immediate from part (1) of the proposi- 
tion. Moreover, clearly, B : D{H) TL can be written as B{H — X)~-^{H — A) for 
some A G p{H), where the first factor is bounded from {D{H), \\ ■ \\h) to Ti. This 
gives (ii) =4> (iii). Conversely. {H + A)^^ is a bounded operator from TL to D{H) 
and (iii)=> (ii) follows. 

Note that tf{x) = e~*^ belongs to Ca{(j{H)) and the equivalence of (iv) to, say, 
(i) follows from (1) of the previous proposition. The statements in (v) and (vi) are 
just statement (iii) with H replaced by g{H) for g{t) = {t + sY^^. As g has an 
inverse function (which again tends to 00 for t — ^ 00), the equivalence of (v) and 
(vi) to (i) follows from part (2) of the previous proposition. 

Finally, (vii) is a simple reformulation of (v). □ 

Corollary 1.5. For H selfadjoint, the following are equivalent: 
(i) Id is H -relatively compact, 
(11) aes.(-ff) =0, 

(iii) [H - G tC for some (all) A G p{II). 

If H > J then these conditions are in turn equivalent to each of the following: 

(iv) er*-^ G K for some (all) t>Q, 
(v) Id: Q{II) % is compact, 

(vi) Id : T-i^^H) % is compact for some (all) p > 0, 

(vii) for any C > and {')pn) C Q{II) with h[^pn] £ C and ipn — > weakly, it 
follows that -tpn ^ in norm. 

Of course this latter is basically well-known, see, e.g., [H], Theorem XIII. 64, p. 
245. The equivalence of (i) and (vii) in the above corollary immediately gives: 

Example 1.6 ([7] Theorem 1.1 part two). Let Hq > be a translation invariant, 
selfadjoint operator on IR'^, Q(i?o) n ^^(^^(o)) ^ for some r > and < y+ < 
Af < 00 on a sequence of disjoint balls with radius r. Then CessiHo + V'^) ^ 0. 
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We close this section with noting two simple stability results for emptyness of 
the essential spectrum. 

Corollary 1.7. Let H be selfadjoint and nonnegative, h the associated form and 
fi be a sesquilinear form. 

(a) If ^ is form small with respect to h i.e. form bounded with bound less than 
one, then 

aess{H) = 4=^ aess{H + Ai) = 0. 

(b) If II is nonnegative and h + fi is closed, then aess{H + j-i) ~ if<7essiH) — 0. 

Proof. This follows easily by comparing unit balls in Q{II) and Q{H + fi) and 
considering condition (v) in the previous corollary. □ 



2. SCHRODINGER SEMIGROUPS 

We will now assume H ~ L'^{X), where (X,B,m) is some measure space, and 
Ho>l. 

We will study perturbations H — Hq + V where V is a. function on X which 
is at the same time regarded as the operator of multiplication with this function. 
H is defined via its quadratic form in the usual way: Assume that V ^ V+ — V-^ 
where V+ : X ^ [0, oo] is measurable and V- : X — >■ [0, cx)) is measurable. We first 
define the closed form of Hq + V+ as the form sum with form domain Q{IIq + V+) = 
D{Hg^^) n D{V^^'^), which might not be dense but that does not pose a problem. 
The associated selfadjoint operator is simply defined on the possibly smaller Hilbert 
space Q{IIq + the closure taken in %. For V- we require that it is form small 
w.r.t. Hq + V+. i.e., there are some q <1 and G R such that 

{V-U I u) < q{{Ho + V+)u I u) + C,\\u\\^ 

for all u. Then Hq + V+ — V- can be defined by the KLMN theorem (^13J, Theorem 
X.17) and we have Q{Ha + V+- V-) = Q{Ho + V+). 

The reader might have noticed that we didn't require V+ , VI to be the actual 
positive and negative parts of V (thanks to Vitali Liskevich for pointing this out). 
Moreover, our assumption is obviously weaker than the usual assumption that V- 
is form small w.r.t. Hq. Here is our general theorem. 

Theorem 2.1. Let Hq, V and H be as above. Assume that l{\/_^<s} is (Hq + V+)- 
relatively- compact for some s € R. Then aess{H) C [(1 ~ '7)(7 + s) ^ Cq, oo). 

In particular, if l{v_^<„} is [Hq + V+) -relatively compact for all n G IN, then 
(Jess{H) = 0, or, equivalently, e^*^ G IC for all t > Q. 

Theorem 12.11 part 1 can be seen as a consequence of a well-known stability 
result about the essential spectrum under relatively compact perturbations, see 
pS] Theorem 9.16. 

Proof. For A G cress{H) choose a Weyl sequence /„ -> weakly, ||/„|| — 1 and 
\\Hfn — A/„|| < ^. Set E := {V+ < s}. Since (/„)„g]N is bounded with respect to 
the form norm, 1b /„ converges to zero by Theorem 11.31 We then have 

A= lim iiHo + V+-V-)fn I /„) 
= lim [{{Ho + V+)/„ I /„) - (F-/„ I /„)] 
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and can therefore estimate 

A > limsup [{{Ho + V+)U I fn) - {q {{Ho + V+)fn \ /„) + C,||/„f )] 

> limsup [(1 - g)7 + {I - q) + tx\E)fn \ fn) - Cg] 

> limsup [(1 - g)7 + (!-(?) {V+lx\Efn \ fn) ~ Cg] 

> limsup [(1 - q)7 + (1 - q)s {tx\Efn \ fn) ~ Cg] 

> {l-qh + {l-q)s~Cg. 

Here, we used convergence of tsfn to zero in the last step. The "in particular" 
assertion is now clear. □ 

Remark 2.2. The reasoning given in the proof is quite flexible. It can easily be 
adopted to show e.g. the following statement: Let Hq be as above, fi~^ be a Her- 
mitian, positive semidefinite, bilinear form such that ho + fi~^ is closed, fi^ form 
small w.r.t. ho + fJ.'^ and H defined via the form sum. If for all n g IN there 
exists an M„ G B with 1m„ being {Ho + /z''")-relatively compact and n||lM<:w|p < 
H+{u,u) Vu G Q{H). Then (Tess{H) = 0. 

The important feature in the following corollary is that the assumption con- 
cerning relative compactness is phrased in terms of the operator Ho and can so be 
checked easily in applications. 

Corollary 2.3. Let Ho > 0, V+ > 6e as above, V- form small w.r.t. g{Ho) + 
where g : [0, oo) — > [0, oo) satisfies g{x) oo as x ^ oo. Assume that l{y_^<„} is 
Ho-relatively compact for all n G M. Then aess{g{Ho) + V) ^ ^. 

Proof. Use Proposition ll.2l f2l to see that t{v<n] is 5(i/o)-relatively compact under 
the assumptions of the corollary. Then, the preceding theorem applies. □ 

Remark 2.4. This gives a substantial generalization of Corollary 1.4 from [53], where 
g was supposed to be a Bernstein function. 

Definition 2.5. We say that Ho is spatially locally compact if 

IeMHo) eK.{L^{X,B,m)) 

for every compact / C K, and every E E B with m{E) < oo. 

Of course Ho is spatially locally compact iff 1^; is _ffo-i'elatively compact for 
every E G B with m{E) < oo. At the same time, there are many instances, where 
spatial local compactness is well established. Our main theorem gives the following 
immediate consequence. 

Corollary 2.6. Assume that Ho is spatially locally compact, V, H as above. As- 
sume that m({V+ < n}) < oo for all n G K. Then (7ess{H) = 0, or, equivalently, 
e~*" G /C for all t > 0. 

Remark 2.7. (1) If e"*^" : L'^ ^ L°° for some t > 0, then Ho is spatially locally 
compact: In fact Iec^*^" factors through L°° and the little Grothendieck 
theorem gives that it is a Hilbert-Schmidt operator, in particular compact. See 
the discussion in [5D], or [3] for the case of positivity preserving semigroups. 

Therefore, our CoroUarv 12.61 contains Theorem 2 from [17] and Cor. 1.2. 
from [23] as special cases. It seems that our proof is shorter and easier than 
Simon's, |17|, which is in turn much more elementary than the proof of Wang 
and Wu [23]. In fl7J, Theorem 2.2 there is some additional information on 
semigroups: For positive selfadjoint operators A and B: 

e-^e-^ G ^ =^ G JC. 
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But this can also be deduced along the lines above: By Theoreni ll.3l the assump- 
tion implies that e^^ is i?-relatively compact. Therefore, is i?-relatively 
compact for any bounded / C E, and this gives the desired compactness. 

(2) Note that the semigroups involved need not be positivity preserving, so may 
well come from some elliptic partial differential operator of higher order. Note 
also that 6"*'^"+^^ is not required to map ot L°° . (Thanks again to Vitali 
Liskevich.) 

(3) For X being Euclidean space or a manifold, the required spatial local com- 
pactness of Hq is sometimes easily checked in terms of compactness of Sobolev 
embeddings, i.e. in variants of Rellich's theorem [6J, Theorem V.4.4, see also 
the discussion in Section 4 below. 

(4) The Laplacian on quantum or metric graphs is spatially locally compact under 
quite general assumptions, since D(Hq) is continuously embedded in L°°, see 

(5) For combinatorial graphs, the condition of spatial local compactness is trivially 
satisfied, as has finite rank in this case. Therefore we get a rather easy and 
not very subtle criterion in that case. 

We now turn to providing an alternative short proof of a main result (Theorem 
1.1) of [23] within our approach, showing that our result is more general than the 
latter. The result requires the existence of a kernel as well as the validity of the 
inequality 

\\fr<r-h[f]+Pir)\\f\\l (*) 
with some function /? defined on [0, cxd), called the super Poincare inequality. 

Theorem 2.8. Let Hq > be selfadjoint with an associated form h that satisfies 
Let V+ be as above and assume that e^*'-^°+^+-' is a substochastic operator 
with a kernel for some t > 0. Then H is spatially locally compact. Ln particular, if 
m{{y+ < nY) < oo for all n G IN then aess{H) = 9, or, equivalently, e~*^ G IC for 
all t > 0. 

Proof. Let E d X he a subset of finite measure, T = g-t(Ho+^+)^ 

(1) By our assumption T is substochastic and hence continuous from L°° to L°°. 
Thus, its kernel belongs to L^ pointwise almost everywhere. 

(2) T{A) is compact in L^ for every L°°-bounded subset A C L^{E): Let /„ £ A 
be a sequence. Without loss of generality, /„ is weak-* convergent in L°° (choose 
a proper subsequence). But then with (1) T/„ converges pointwise a.e. By sub- 
stochasticity of T we have furthermore |T/„| < a ■ TIe G for some a G R. 
Therefore T/„ converges and TA is compact. 

(3) Let B be the unit ball in L^ . Then TIeB is compact in L^. This follows 
directly with (2) and the fact that IeB is uniformly integrable in L^. 

(4) Assume TIeB not to be compact in L^. Then there exists a sequence /„ G 
TIeB with 

\\fn-fmf>e 

for some e > 0. Moreover, spectral calculus shows that there exists an C > such 
that 

h[f -9]<C 

for all f,g € TB. Now choose r := ^. Then 5^ < |l/„ - f^\\l by ©. This 
contradicts (3). □ 

We finish this section by showing that validity of Q is a direct consequence of 
ultracontractivity. 

Proposition 2.9. Let H >0 be selfadjoint, h the associated form and assume that 
the associated semigroup is ultracontractive. Then is valid. 
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Proof. Spectral calculus and simple estimates show ||e — /|p < 2th[f, /]. This 
yields 

\\m<2th[fj] + \\e-'"fh. 
As the semigroup is ultracontractive, it maps continuously into and the 
statement follows. □ 



3. Compactness of measure perturbations 

In this section we consider regular Dirichlet forms: so X is assumed to be a 
locally compact, cr-compact metric space, B the Borel-a-field and m a regular Borel 
measure with suppm = X. We assume that Hq > is associated with a regular 
Dirichlet form £ with domain V = V{E) = D{Hq^^). By 

Cap(i7) := inf{f [(^, ^] + \\ip\\^ \ ^ > lu, ^ & V} 

we define the capacity of U, for U open; one can then extend Cap(-) in the usual 
way to an outer regular setfunction by letting 

Cap{E) inf{Cap(C/) \ U D E,U open }; 

see [S] for details. From [S], we also infer that every u € T) admits a quasi- continuous 
version u, the latter being unique up to sets of capacity zero. This allows us to 
consider measure potentials in the following way: see [5], fTU\ for the special case 
of the Laplacian and locally finite measures, [19] and the references in there. 

Let AAq = {/i ; i3 ^ [0, oo] | /i a measure fj, <^ Cap}, where ^ denotes absolute 
continuity, i.e. the property that = whenever B ^ B and Cap(i?) = 0. 

For measures in A^q we explicitly allow that the measure takes the value oo. A 
particular example is cxd^, defined by 

oob{E) = oo ■ Cap(B n E), 

with the convention cxa • = 0. Note that for /i £ TMq we have that n[u,v\ := 
J-^ uv AjjL is well defined for u, w G where = {m G P | u G L^{X, 6, /i)}. 

It is easy to see that 

V{£ + n) -.^ V nV{^i), {£ + n)[u,v] :^ £[u,v]+ n[u,v] 

gives a closed form (not necessarily densely defined). One can check that, e.g., 
£ + oob = £\vo{B''), where Vq{U) = {u G 2? | = q.e.}. 

For the Laplacian in R'', B closed (so U is open) we get that T>{£ + oob) = 
Wq' {U) so that the form sum is Hq + OOB ~ ~^\u with Dirichlet boundary 
condition. 

If ^~ G A4o is form small w.r.t. £ + /.t^, we can furthermore define £ + ^ = 
£ + /i+ — /i^ by the KLMN-theorem, already referred to above. Note that for 
/i+ = this form boundedness implies that fi^ is a Radon measure, i.e., finite on 
all compact sets. 

It is now an interesting question to determine what the property — > oo at oo 
means for measures. For the classical Dirichlet form on this was answered by 
Molchanov [12] who proved that tTess(~A + /i) = <^ /i(C/ + a;) — > oo for every 
open interval U and a; — )> oo. 

The direct analog is not appropriate in higher dimensions but a recent character- 
ization can be found in [llj. Here, we state and prove a characterization (originally 
from [21j) in the much more general setting of Dirichlet forms with ultracontractive 
semigroups. To this end, we introduce 

AvQ{fi) := inf{^[u, u] \ \\u\\2 = 1, £[u] < \,u = q.e. on C^} 

for G C X, A G R. 
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Theorem 3.1. Let {Kn)neiN be a sequence of compact sets with [JK° = X, Gn 
K'f^ . Assume that Hq has ultracontr active semigroup, /i+ G A^o o,'>^d jj,^ G A4o is 
form small with respect to £ + /i+ . Then the following are equivalent: 
(i) aessiHo + = 0. 

(a) For any C > and {fn) C T) with (£ + ^ + !)[/«] < C and f„ — on Kn, it 

follows that ||/ri||2 as n oo. 
(Hi) Avq (fi) oo as n ^ oo for each A > 0. 

Proof, (i) => (ii) By (v) of Corollary 11.51 the sequence (/„) is relatively compact. 
Since /n = a.e. on Kn the sequence furthermore satisfies /„ weakly. Conse- 
quently, /n — > in norm as well. 

(ii) =^ (iii) Assume that (/i) oo; then we can obviously find a sequence that 
contradicts (ii). 

(iii) (i) Assume aessiHo + m) 0- Then there must be a singular sequence 
i9n) C D{Ho + pl) with ||g„|| ^ 1 and \\{Ho + fj.)gn - A.g„|| < i for all n e IN. In 
particular 

{£ + M)[.9n,5n] ^ ^■ 

Since Ki is compact we can infer from |20j . Corollary to Theorem 1, that aessiHo + 
II+ooki) = o'essiHo+n) 9 A; so that there is a sequence {gn'')ni£K C V^S+fi+ooK,) 
with the same properties. We choose /„ = g^fT^ and see that Avq^{^) oo, for 
appropriate 77. In fact 

{£ + ^l+ + i)[fn] <c(£ + ^l + !)[/„] + d||/„f , 

since is form small w.r.t. £ + fi-^-. This implies 

£[fn] < ?7 for ?7 = c(A + 1) + d + 1 
and n large enough. □ 

4. Back to Euclidean space 

Let us now consider the case of ordinary Schrodinger operators in i^(IR''). In this 
setting Hq = — A is spatially locally compact since the semigroup is ultracontrac- 
tive, see Remark 12.71 above. Therefore, we know that Hq + V+ has empty essential 
spectrum, whenever the nonnegative, measurable function V+ : R'' — >■ [0, 00] satis- 
fies the condition that all sublevel sets {V+ < n} have finite measure, for n G IN. 
However, this latter condition is too strong, as was observed already by Rellich, 
[15], a fact we learned from [T7J. In this latter paper, a sufficient condition can be 
found that covers Rellich's example. The following condition is obviously weaker: 

Definition 4.1. Denote by C(fc) the unit cube in R'^ centered at fc G BJ^. We call 
a measurable set E C R"^ thin at infinity if 

lim \EnC{k)\ = 0. 

Using the Birman-Solomyak space 

£^{L') = {/ G LL I ll/ll2;oc sup ||lc(fc)/l|2 < 00} 

and its closed subspace 

co(i') = {/ e Ll, I hm |llc(fc)/||2 = 0}, 

fc— !-00 

we see that E C R'^ is thin at infinity iff 1^; G co(L^). 

Tlieorem 4.2. Let V+,K_ > be measurable and assume that V- is form small 
with respect to —A. //{V^ < n} is thin at infinity for every n G IN, then aessi^^ + 
V+ - V-) = 0. 
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Proof. For fixed rt G IN^ and E = {V+ < rt} we show that 

for some p e IN. (Then, 1 b(— A + V+ + 1)^^ G /C as well and the statement follows 
from Theorem 12. II ) 

An inequality of Strichartz, [22J and [18J, Lemma 4.10, gives that, for any h G 
£°°{L2) and p> 

\\h{-A + l)-P\\<c-\\hh,oo. 
Therefore, for E as above, we get 

lEi^A + = II • II - lim l£lB„(o)(-A + 1)-^ G IC, 

since — A is spatially locally compact. □ 

Playing with the equivalences from Theorem [T3] we get the following nice Corol- 
lary. It shows that —A could be replaced by quite a variety of operators: roots 
of the Laplacian, or relativistic Laplacians, subelliptic operators, as well as elliptic 
partial differential operators: 

Corollary 4.3. Let Hq > j be selfadjoint with Q{Hq) continuously embedded in 
M^*'^(IR,'^) for some s > Let V-^-,V- > be measurable and assume that is 
form small with respect to Hq. //{V+ < n} is thin at infinity for every n G W, then 

Proof. From Theorem [inland Theorem Owe deduce that Ie ■.W'''^{W^) L^ is 
compact, since M^*'^(R'') — A) in the notation introduced in Section 1. □ 

The referee kindly pointed references [I] [5] that contain criteria for emptyness 
of the essential spectrum of Schrodinger operators. The condition in these papers 

is ^^ = ^1+^2, 

y (Fi+C)-i(j/)dj/^Ofor |y|^oo, 

where C is a suitable lower bound for V\ and 1) denotes the unit ball shifted 
to X. It is easy to see that implies that {Vi < n} is thin at infinity for every 
?T, G IN. In the first paper, V2 = and C = is assumed and in the second paper, 
negative perturbations V2 in are allowed for d > 2. Clearly, our Theorem l4.2l is 
more general. 

Acknowledgment. P.S. thanks Barry Simon for a fruitful correspondence on the 
subject matter as well as Vitali Liskevich for some useful hints. Thanks go to a 
referee for several helpful remarks. 
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